Ces]

1. Methods of clearing Equations of quadratic, cubic, quadrato=
cubic, and higher Surds. By William Allman, M. D. Com-
municated by the Right Hon, Sir Joseph Banks, K. B. P.R.S.

Read July 8, 1813.

Severar years have elapsed, since my very highly esteemed
friend, now Rev. Doctor MoonEty, Fellow of Trinity College,
Dublin, presented to the Royal Irish Academy a paper on
the Extermination of Radicals from Equations. He has illus-
trated, by sundry examples, the extermination of quadratic
surds. As he has rightly observed, the method is universal.
Any number of quadratic surds, independent, or dependent, on
each other, may be removed from an equation; because, 1.
Any quantity, or factor of a quantity, necessarily subjected to
the radical sign, is but of one dimension. . This quantity or
factor being brought to one side of the equation, while the
quantities unaffected with it remain at the other, may, by
squaring both sides, be freed from the radical sign. g. By a
repetition of these reductions for each remaining independent
surd quantity, any number of surd quantities may be converted
into rational.
Ezamples.

I. Let y/ a4 /b4 /c=o0: then
(2))va+ Vb= — v/c; and,a b+ 2y ab=c¢
(35)adb—c= —2y/ab; a + b— ¢ = gab; free from
surds.
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24 Dr. ALLMAN’s Methods of clearing Equations of

II. Let /a4 v/ b4 /¢4 v/d =0; then
(25)adbdcd2vabt2vac + ey be=d
(8;) ad-bfc—d-2vab=— 2y ac — 2¢/bc; squared
gives,adrbf-c—~d J-gab4.a+b+c—d. Jab=4¢.
a-4-b4-2/ab
(45) aFb—c—d Fgab—yed=4.c4d—a—0b./ab;
squared, results free from surds.

Note, universally : the last two surd factors vanish together.

Surds, whose indices are integral powers of 2, may be treated
as quadratic surds; and the number of them, which may be
exterminated from any equation, is equally unlimited. ;

Let*y/a 4*/b 4"/ c=o0: then, (2;) va -+ /b4 2
Wab= /¢ _
(83)vVae+ Vb— /c=—2%/ab; and, a -} b-}-c 4 2y ad
— 2y/ac — 2/ bc = 44/ ab. |
The surds, now all quadratic, may be thus exterminated:
(43) a+b+c—eyab=2avac+ 2/bc; a 4- b4 ¢ + 4ay
—g.adbFc./ab= gac - 4bc 4~ 8¢,/ ab.

(5:) a4b—c +4ab=4g.a+ b+ gc./ab: puta-b—c¢
== en; then n* 4 ab = on 4= 4cy/ab; and n* 4= eabn* + a'b*
— gn* + 16cn 4 16¢° . ab +.+ n* — ab = 16cn - 16¢ . ab

—————t
. a4 b—c*—4ab . —— o, T
tve, ——p—— ==8abc . en + ec=8abc.a 4 b J-¢

v @ b F ¢ — 2ab — eac — abc = 128abc.a + b +F c.

Let *y/a 4 °/b 4 *y/c = o: then, by the last example,
(53) a + 6 + ¢ — 2/ab — 2/ac — 2/bc = 128 .
ay/bec + by ac + cy/ ab.

Put a4 b-c=2n: thenn —,/ab —y/ ac—+/bc, or,
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n‘

facvaa b 3y el vab=g2 - avbekby/act/ab
+bc

n* . :
ab—2n C2n . e .
(6; iac 3cc . \/ab —_ +30b \/{l(; +30a . \/bc
+ be

n*+ ab +4-ac-4-tc - 4ab. nA15c—4 . n4-15C. n‘+ab+ac‘+bc:
\/ab =qac.n4 156" 4bc. n+15a 4-8c.n415b.n415a. 4/ ab

R 4,ab.n+15c: ‘mti5c.n’4a +ab+ac -+ be.
73) 14 ab - ac - bc —sac.n ¥ 155, = S Fisa v ab
( a) — b, FERTY 4+ y2c.m F 130, ‘+225ab°
+ a*b2
2
+6 b. +a"c +ab. +465abc
re.nt — 2. n*—1g0abcn + 898,1,,,(._..4. 1700 +31ac. 1 f15ac* .« /ab,
~2bc —898ab’c +31bc. +15be?
-+ 9ozabc*

which being squared, an equation will result of 8 dimensions,
free from surds.

In like manner may surds of the 16th, gad, 64th, &c. powers
be taken away from any equation.

‘The number which may be taken away is unlimited, as the
removal of each surd quantity or factor, in all these cases,
depends on the principles which direct the solution of simple
equations.

In the case of cubic surds, the quantity or factor necessarily
subjected to the radical sign may be of one, or of two dimen-
sions, but not higher: since then, an universal method is
known for solving quadratic equations, any number of cubic
surds, independent, or dependent, on each other, may be re-
moved from an equation.

Let*/a +°/b+4-*vc =o: then (23) a+b+3f1/‘a°b+

8'v/abr = — ¢: therefore, (g;) *y/a*b 4 *vab* = —_“-;b-fc,

MDCCCXIV. E



26 Dr. ALLMAN’s Methods of clearing Equations of

which put = — m: multiply by &: then, *,/a*b* 4 b*y/ al*
== — bm: this quadratic equation gives,*y/al*= — L b+ L

VE = gom - abt = =2 4 P S eab 4 b

—ghm=+b—m 1/b° — 4bm: whlch squared gives, 4a°b*
+ 4ab* — 12abm 4 b* — 6b'm 4 gb'm® = b* — 6b'm + gbme
— 4bm® . a’b - ab* — 3abm 4+ m*=o0; i.e. m* — abc = q;
‘a4 b + b + ¢’ = eyabe. _

But an equation consisting of g cubic surds only, may be
cleared of them without the solution of a quadrdtlc equation,
thus:

Let*/a + *vb 4 *yc=o0: thcn (25)a4b4 g*yab
+ gvab = — ¢, i e.since * /a4 /b= —*yc,a4 b—3g
‘Vabc = — c: therefore, (g:) a + b 4 ¢ = g’/abc; and,
atb+ ¢ = 27ale.

And, universally, an equation consisting of g surds only,
whose common index is any odd number, may be cleared of
them, if we admit the solution of an equation, whose highest
dimension is half the index of the surd minus unity.

Because in any integral power of a binomial, as the co-effi-
cients of terms at equal distances from the extremes are equal,
those terms may coalesce, the compound factor being equiva-
lent to a simple one, as may be more fully seen below.

To return to cubic surds: if s 4 #*y/de + v’y de* =0, then,
by the last example, (g;) s* 4 ’d*e 4 v'de* == gstvde.

Let*va 4 *vb4/d+3ye=o: then (85)a 4064
Vit /e =g'vab. At Ve;
and, a+b+d+e+3‘1/d’ + g%y de = 2%ab .
d+e+3’¢d‘e+3’1/de‘. put a 4= b 4 d 4 ¢ = gr; then,
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Fp Ve ¥V de =ab.d ¥ et gJde Tt g de,

3
+ 302 +3r*. .
i.e. ijf;” +3er. '/ de +3dr. *y/ de* = ab . d e 4 3ab'y/ d’e4-3ab®y/ de*;
+de* 3de. + 3de.

+32. +3z.
Substitute now, for s, ° 4 6der + zy; for ¢, 3r* 4 ger - g ;
for v, gr* 4~ gdr 4 gz ; and the equation, s* 4 *d*e - v°de* —
gstvde = o, will become,

- r3 +3r“.3 . +37r*.
putde—ab=yc,and d4-e==y;"." (4:) +6der +3er>/d’¢ +3dr./de* = 0.
+xy

4 27d%%y,

° 6481d%*. _5—81d%. .4—27dexy*.
7° — gder” + gxyr —54dex . 75+63de.ry. T 27des r® 4 27dexyr*
+32%*. |

— gdex™y'r 4+ ¥ == o,
which is an equation of g dimensions, 7. e. of 2% times the
height of the given one 3/a 4-°v'b + 3¢/d 43y e = o.

If another independent cubic surd were added, the equation
resulting free from surds would be of 2% dimensions, or of 81
times the height of the given equation.

Universally, if an equation consist of any number of inde-
pendent surds having a common index, the equation resulting
free from surds will be so many times the height of the given
one, as there are units in the common index of the surds raised
to the power whose index is the number of independent surds
diminished by unity. | -

As the solution of a cubic equation is required for the ex-
termination of some of the higher surds, it may be worth
while to shew the connection of the rule, called CARDAN’S,
with the extermination above given.of cubic surds. :

If3/a +3/b +3%/c = o, then a + b 4 ¢ = g3\/alc, as
before; or, by substituting z, y, 2, for v/ a, /b, /¢, respec-
tively, if 2 4 y 4~ 2 = o, then 2° 4~y 4 2P=gzyz. Suppose

Ee¢
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any one of these quantities, as z, the unknown quantity of

. . . ‘ 3
a cubic equation : arranged it may stand thus, 2°* — gyzux i'::
== 0, an equation wanting the second term. Therefore, con-
versely, t = — y — z: or else, by dividing the cubic equa-

tion by the simple one ii = 0, and solving the quote, the

+y*

. . —3. yi= y—=
quadratic equation, 2* "7 ¥ Iif =0, =015/ — 3
Then, in any cubic equation wanting the second term, v. g.

% 4 qxr 4 r = o, suppose, — gyz = q; and, y> - P =r:
o ) 3 3
then, % = — %; 2= — z—g—y—;; and y* — ;’;1? = r: therefore,

y=ns+ % wy=1r+Er4 zi?q3: and, by subtract-

ing this from, y°+ 2 =7, 28 =37 \/—j; r 4 ;17— q3: therefore,

—_y — %, or\x=_~~3\/—-—-;-r+\/%r’+ ?‘iq?’ +
3\/——;—7‘-1-\/21:-7"“+'217'q3.

- If the cubic equation have but one possible root, ?-1:-5 + 2—';-'-’5

v/ —g will represent the two impossible roots. If the cubic
equation have all its roots possible, the last named expression,
as well as — y — %, implies the extraction of the cube root of
an impossible binomial ; except, however, in this single case,
when two of the roots of the cubic equation are equal to each
other: then, the solution by the above rule is possible, though

all the roots be possible; for then, y = z; and the expres-
sions 2:2'2, and £ r* 4 %7 g% both vanish: then 2 * — gy*x 4=
2y® = o, and the values of z, are — 2y, y, and j.

- Since any number, either of quadratic, or of cubic surds,
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may be exterminated, any number of surds, whose indices are

in any manner compounded of the factors 2 and 3§, may also
be exterminated from any equation.

It may at present suffice to instance, in surds of the 6th,

and in surds of the gth power.

Let°/a 4°¢/b 4°y/c ==o0: then, as in cubxc surds (33)

+3a.

Va4 b+ Jec=g°/abc; and +3b JVa i % Vb +§b

3¢, -+ e

V¢ 6 Jabc = 2%7,/abc. Put ga + 3b 4 g¢c = n: then,

(43) 2 val,p b=21/abc T}, V¢; and, by squaring
n— gan + 4a°.a + n'—gbn + 48" . b + en* "% n 4 8ab v/ ab
= 44aabc 4 n* — gen 4 4¢* - ¢ + 846" — gecn o/ ab.

—4a® +4a3 + 4
b

(53) +b n® —4b% n i‘fw: = — eon’ + 4” n -|-84,c -v/ab: by
—c. 4 4¢%. 441abc —42C.

R
restitution, e b = —-l>°ac—lsobc . /ab. Put
—C3

a+b—c=r

Then 7% 4 12abr — gozabc = — 6r* — 162cr ~5%% . | 4/ ab.

Square and transpose, 7* * — 12abr* — 2754“”6" s i‘z}gg;%:bc’

—64a3h3

" —323;;22;}2:0 7 +160569a%%* = 0, results, an equation of 6 di~
—0699°4 —46656abct

mensxons free from surds.
Let 91/a +°vb +°Vc = 0; then, as in cubic surds (83)

3\/a +3v/b +? /¢ = g°y/abc; and ib +331/a'b+ 3Wab'+g
3y a% + 6% /abe 4 g3/ bc + 8%y ac* + 33,/ be* = 27/ ab.
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Puta 4~ b 4~ ¢ = gn: then

(43) 3W/bF3/c /@ + Vb —7° Vb £33/ 'y a = —
3\/b’c~—3ch’— n: multiply by 8,/b4-3,/c: then9y/b 45/,
’\/a’ 7¢bc3Vb+3VC Wa = — % Wb F3y/c —n.

55 + + 31/ ¢: this quadratic equation, when solved, gives
Wb 4 e . a = —xUkrvheTve

2

\/b-—l8¢:—4n LI b 4330/ % c— 18b:7r-72‘. 3¢
- z .

This equation, when cubed, will exhibit the quantity or factor

a, free from the cubic radical sign; thus, a . /6 + #/¢°; or,

5
+349bc +z4b

pao + 303Vb’6 +gaVbe =%, i _iose. b + +24c R
+3bn  —18n. —18n.
+30n

+1. —150 3\/b+4193\/b‘6‘ +0 31/6\/—180 3‘/b+4,331/b“c" +c 31/0.

—4n. —-4.”

Restore for », "'J; , transpose, and double: then

I

——. ——a.
3
ab + 12a. 6
—351bc— 18b. 31/b’c+17xb Wo'=++ +2p. 3‘/b+493‘/bﬁc’ —-4—-b 3‘/
4+ ac 41710 —18¢. - 36 3
4 2
- +—ec.
3 3
» 1
—_a. ____a
3 _ 38
—-;-b. Wb 4 48 Wbt — 53 555 n/c.
58 I
— ——,
3 3

This equation squared, transposed, and divided, by ;4_7’ be-
comes
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+b¢
+3b* +3b +220b% —153b%,
b. g3 .;-1518bc a* 3168b‘c a +9240%* + g . a° +87b. g —32571)0.
+eo o ggen +31680¢*.  4-220bc3 +339¢ 4 108g¢2.
+3¢8 +ct
e 108ghr, 2203
H1650% 3. /10 5 +330b. o 1009 +2640%c 3 —
@ o6ape - VOO 3.0 150 zzszbc @ Yi6cper Vb =0,
+ 220 | 53 +40

Compare this with the equation, s - £ 3y/d*¢ 4+ v */de* = o0 :
the resulting equation, s °4- $°d*¢ +- v°y/de* = gstvde, being
accordingly computed, will be free from surds. It will be of
12 dimensions; but may be depressed to one of 9. Instead
of continuing the operation to shew this, I refer to the exter-
mination of surds of the sth, and of the 7th power, to be given
below, for the manner in which some equations, resulting on
involution, are depressed.

In surds of the sth power, the quantity or factor, necessarily
subjected to the radical sign, may be of 4 dimensions, but not
higher: whence, if the solution of any biquadratic equation be
admitted, any number of surds of the sth power may be taken
away from an equation; and here it may be observed, that,
as to the matter in hand, it is of no importance, whether the
biquadratic equation may be solved in possible terms, or not;
for the value, in numbers, of any particular quantity, or factor,
is not required ; it is only required to obtain the quantity, or
factor, of a single dimension, in order to deprive it, by invo-
lution, of its radical sign.

When an equation consists of g surds of the sth power, the
biquadratic equation is virtually a quadratic.

LetWa +*%b 4+ *vVe=0"(2;)a+b+ 5Vah 4 10
Wallt 4 10°Vah® 4 5’ vabt = —¢; puta 4 b 4 ¢ = sm.
o (83) Wath 4 2 Wath 4 2 Wah® 4 Wab' = — m: this,



B t{ $4/atb 354/ a3b2 4 354/ 0203+ Spabt =54/ab . Sy at SO = Syab . =Sy —5,/abes
u . O

— 54/ a3b* 54/ a?b3 = = S5y/a Sy a5y b = —Sa/atb . =Sy e = F5yaPbc
Therefore 5a/a%b%c— 54/ abc3 == — m.
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multiplied by #, gives *v/a*® 4= 2b *V/a%t» - o0 *y/a%b" + b?
Vab* = — b°m, a biquadratic equation of the quadratic form,
thus, Vab0* + 0y ab” 4 b .V a’b* F b’Vab‘ = — t*m, which

solved, gives Va' + b *ab* = — = + «/b+_24,, —

, another

i —b* = 2V B bm
quadratic : then *Vab* = — — b4 v z 40%m

—~ =+ ~ ; involve

to the sth power, and the equation will be cleared of the radi-
cal sign of the surd of the sth power: thus,

ab'= — Lb’-= S bmp L0V b — g Pm L mY + oV b — 4b°m

divide by L 2%, and transpose ; then,
b — 5bm - 2ab = V0" — 4bm T m ‘/-—sz: 2b V¥ — 4bm.
Square, transpose, and divide by 2b; then,

- +s5m
b i b —loam. b=+ U — gbm + m’ Vb — gbm.

+2a + 242
Square again, transpose, divide by 46, and arrange::

: —10a3b. +ath
5 % 3 304 *b. — 22 +2za3b* —
then, m* * — a5abm® 10,0 m? Tl Izzzbs = o.
a

But, as in the case of g cubic surds, a simple equation sup-
plied the place of a quadratic, so, when an equation consists of
g surds of the sth power, a quadratic may supply the place of
a biquadratic, or of two quadratic equations.

Thus, Va4 Vb -+ *Ve,=o, . (2;)a 4+ b+ 5Va*b + 10
Va4 10 Va4 5Wabt = — ¢, (g3) WVa'b 4 2 v/ b’
+ Ve’ + Wabt = bl i GRS

5

This, multiplied by ¢, gives the quadratic equation, *V/a’b’c®

J
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‘ . . . etV —gom
— ¢/ abc® = — c¢m: which solved gives *y/abc? = f“—-‘;——icﬂ:

. ) S oot 342
involve to the sth power; then, abd = =32t 3™

ct—13c3 c*m®
———3°_~————m+ Ve = 4cm.

-+

—

 o—

- . — 2'
Divide by £ ¢*, and transpose ; then, — 34 smc* _‘-_2;",,. c=+

¢ — gme + m* V' ¢ — gome - squared, gives

¢*— 10mc® +35mn ¢t —somd. ¢ pasmt. == (°*— 10mc*4 gymict
— 4ab.  4zoabm. —2z0abm?®. ’
' + 4a%b*.
— som3c3 = efmic® — 4ou’c.

Transpose, divide by 4¢, and arrange ; then, m® * * — sabem®

2
+ sabcm *4YE = o0; or, m* = abc . 5m’ — ab — ac — bc;

which is an equation of 5 dimensions, free from surds.

This equation, if, instead of *¢/a 4= *V/b 4 *v/c = 0, were
substituted, *y/a -+ ©v/b <= *°¢/¢ = o, would contain no other
than quadratic surds; if, *v'a 4 "+/b 4 "“v/c = o, no higher
than cubic surds; wherefore, if the extermination of any
number of surds of the sth power from an equation be ad-
mitted, since the number of surds of any lower order which
may be exterminated is unlimited, an equation consisting of
any number of surds, whose indices are in any manner com-
pounded of the factors, ¢, g, and 5, may be totally freed from
surds. ;

If a formula for the solution of any equation of 6 dimen-
sions were known, any number of surds of the 7th power
might be taken away from an equation: As such a formula,
however, is, I suppose, at present altogether unknown, we
may be contented with the extermination of g surds of the
7th power, which may be accomplished, because, a formula
for the solution of cubic equations is known, g, the index of

MDCCCXIV. F
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the cube, being equal to half the index of the #th power
diminished by unity.
Let Va +4"vb 4"V¢ = o: then,
(2) a+b4774/ab42174/a5b>F3574/a*B3 4 35 T/ adb* 21 T4/ a2 4774 /abs == — ¢ -

—@e—bm

(35) 74/a%b 4 374705 -5 T4/ a*b3 4 574/ 0304 4 374/ a*b5 7/ abO= (put) = —=m

2743/ @5b*— 674/ a*h? — 67)/a%b*—1274/a%b5 = — 273/ @02 T at Ty b =274/ 0%

+7y/ath3 47y atbt ' ‘ =4 Ty &b . Ta iy b = — Ty adbhic
Therefore =W a3 F 274/ a*b* 3= T4/ abc’ = — m.

Multiply by — ¢*; then, v a®%%" — 2¢ "y a*b°c "4 ¢* "v/abe® =

¢’m. Extract the square root of this cubic equation; then,

/@b * — ¢/ abe® = + cv/m: this cubic equation, which

wants the second term, when solved, gives “yabs® =

{7Va5b+574/a5b‘+ 1074/ a*03 4 1074/ 0304 4 574/ @05 - T/ abS = T4/ ab . 7va+7755 = == Ty/abcs }
But

8 3 —

\/i%m/m: +—§c‘/m-- -;’f;c—}- \/j:-g—m/m: — —;—c‘/m—— f;c:
this, involved to the 14th power, will be free from all surds,
except quadratic and cubic.

PLitm—%c‘:n,i—ng: + LIvn=s,and + Lym:

— 14/n=t1: then, on dividing the equation by %/, M:/;fcs
= 3/s 4 %/¢: involve, then :ﬁi, =%/s" + 14V 4 o1

WPt 4= g64,°V/s"1°+ 1001 %Y s“i"—"l-—"gooe 3/ 5% - goog *y/s°.°
+ 3432 V5" 8008 %Y/ 5%’ 2002%/5°1° = 1001 /5%~ 64
W 4 91351 - 14 %5t - W4

But,st =gm—in= ;';c -.'§3Vc;3Vst, and 5%/ c* =%/
then, by multiplication, £ abc == s* */st* 4 145° 4 915* /st
- 864" *W'st* 4 10015%" - 20025%® 3/s°t - googs’s* W/ st
-+ 34325°%° 4 30035°° /5%t <} 20025%® */st* < 10015%* -
80451 WSt - 9151t 3Y/sl® - 1451° + £ /5%
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145° 4+ 9gus*t. -+ s%
-+ 10015** - 20025%%, - g64s* .
Arranged, £ abc = -}-34325%° -+ 8003553/ 5°t 4-30085°L* .Y/ 51"
J-10015°* 4 3645t%. 20025’
~+ 1458 + P Geogrsit
Restore, first, fors, + £v/m: + Lv/n; fort, + Lvm: — 1y/n:
then,

T 2731M% e 5461 m2. —18z5m>.
% abc == — x (—-334_8mn m — 1 _—gogomn, T VM pa538mn. Vv .

32 + 729n* + 36450, —729n%
3 +5461m> +18z3m*.
‘/ 3“ + vm +"’ Vvn —gogomn. + Vm —2538mn. /0 .
- +30450% +729n%

3 : e
%«Cziwnﬁnm%
Restore, secondly, for z, m — f?-c; divide by %%/, and trans-
pose : then,

14m*, +m*. —m®
P we ¥ Sem b fym Dem gV B
— 3ab. +5¢* = .

3
+ 2
\/+ svVm+ 3 \/m___;c + 2 om. + 5 \/m-i-xocm l‘/m_""c

56 e 7
8 ——
\/i—}Vm-—%‘/m_f;c=o.

Put, m* - 559 cm == 5¢* = 2x 3 m* 4 1ocm + ¢ =ay; 14m"
4 g5em 4= 2¢* — gab = gz: then, + x vVm — yvn .
VEIVn VAt EaVndy V. ViV -5V
4 2% =o.

Therefore, by the extermination of cubic surds,
r TzVm—yvn .+ ivm+ Lvn
1++$\/m+y\/n tiym —Ltyn4cRP=3g. .z:m—-—_yn.

LVIm —LIun.2%e=2m—yn.cx
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e, BmP— gr’ymn = gy mn — y*n’ - °22 = 2°m — y°n .c%;
or,z’'m- gy’ n . xm—: gr'Mm—4yn . yn—: r'm—yn —cz’. cx == o.

Restore the values of z, y, and 2z : divide by 2i c; then,

200

—_— 5,

27
14600 7850
T 24015 —— = S b — ¢t 3 _ 104 bes. 2 F14abet
m 256‘ m _ 27 m 27 . m 3 ave +35azbzc$
35abe. -+ 98abe™. + 140%b%.

m Eggfzﬁcs = o: which is an equation of % dimensions, free
azv’c
from surds.

In like manner, the extermination of g surds of the 11th
power from an equation might seem to require the solution of
an equation of 5 dimensions: but in this case, the highest
term, if I may so speak, vanishes; so that an equation, con-
sisting of g surds of the 11th power, may be freed from surds,
without the solution of any higher equation than a biquadratic.
The labour however is great. :

As preparatory thereto, and not to refer elsewhere, the
solution of a biquadratic equation may be here given.

Suppose it, as any equation may be so transformed to want
the second term ; thus,

2** 4= q2* 4 rx 4- s = o: suppose also, 2* 4 ex 4 f =03
2" — ex = g = o: then,

+f ftg—e =9 1
It * +g1:.2?‘ +§£;.x +fg==o and, —qf—]—;g:r}
—c? T =

6+zqe++qzez__rz .
€3+qe+rJfg_ 4_g" —-'.S,

Theref fg=cqq) f=otLT
L nereiore
+ S T

€

then, ¢® -}~ 2q¢* + +9 ‘e® — 1 =o. Put e2=z—-%q; then,
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8 -
¥ — 2q%7* | 33'— ¢z — o= ¢*
8 8 3 4 b 4 2 .
+ 20" — g’z =29 30 z—;;a' .
x - g =0
» -2—93 + 2, 43 +_qs
PR )
__Zs.z-'__s . T € Y
.
—1F = 12 J

. 3
This cubic equation gives, ¥ = 2_‘7. P — _‘;ng +Lr 4 _;.

\/:'i‘fs"}' = ¢r + 132* q’s* — 12qr’s + -9—7‘—-%1 s8
+\/__q_._qs+lr.__.._\/_____qs+ 3’.2+§£

64 .
% 10gr°s 4= Lt — X 3,
q's qr's =+ 3

Then by hypothesis and solution of quadratics, z = — Le¢ +
VIe—f:or,x=-Le+VIF_g; and, by substitution,

x_—_-—%e-_t%\/—ez—-gg-}-z%: g\/z—-—q+~

Let now the equation consisting of g surds of the 11th
power be, "va 4+ "vb 4 "¢ = o ; then
(25)a + b 411 "vVa®b 4 55 "Va’b* + 165 "va'b® + ggo
a4 462 Va4 462 "Wah' 4 g30 "va'h' 4- 165
Walh® 4 55 V@b 4= 11 "V ab® = — c.
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ummm%\anueu
WP NS+ =
9590 Pual — =
nnn&na\e:.v + =

0 0 1
BP0 =P ST =g N1 =39, 050§ — W

97 Ml +E¢Q\a:mm+oﬁ%\a=on +s9 0l ++$§\¢:mm+m§a\a:n +
oaaa\':.wlnﬁu\,:mult?s\:.vmlea%\,:o.f..l&wu\»:o.fl*ﬁe\w:*“ml%w%\ezmwnlam%}~+.| _

au&@\:n — =GP My +mauc\—uum+wa.m§\a 19¢ +hawﬁ\e:.vw +o&u~»\f 1921 +ma~ow_\:~wum +¢Qh3\¢:.vw +m&w%\e:©m .Tu%aﬁ\vuua.-ulmmﬂvnﬁ\r:;

U — =y

VLIRS PR AP E JUR Y R T4 N 108 F g pagt¥ g poard F4900 A 1,06+ 5957 M1, 51 +amnu\¢n.um+ao—u\v= (€
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Therefore * g/ a*h3 — 7Y@ 4 g W' =1y abe® =
—m (= '—“"b"'c) Multlply by — 35 Y b — % ¢ 1/ a*b’c”
,+ <" ab e -—5- A" abe® = — -5- c’m,

P’ut, ab® = x + ;73 ¢; then,

-

4 7 .3 ox? 343 2401 o
¥ + 5 i 700 © + 2000 ¢ + 160005 ¢
7. .3 147 1029 3. 2401
3 (L= o5 ¢ C 2000 ¢ ¥ ™ Tooo0 C | atk + YA 2+ —=
2 I
+ —4-62.122 4 03.1: + 42 ¢t — 2723
5 ’ 500 5, 160000°
1 3 : -_Z_. 4 c°r 3 ] 00
— 5 OO — To0 C +Ltesm
I
A3
-} T om
To solve this biquadratic equation, substitute in the equation,
_._2_. 3
3 % —39™ 23 17,3 :
SN +§qs = o, for q, s ¢ for 7, —=¢%; and for s,

— 2772 Prad 1106
2773 -J- Ic3m then, 2% * i'gﬁmz_{_ e =0

160600 ‘
2=lc 1/1; ”70 m % c‘/1362xc4_—16457453m +661689c*m*—864000cm¥

8
+ 115'0 V%l 3 ]—;Zc"m-—- %cv 1362164 —16457463m 4 661689c*m*~ 86 4000cm¥

i 7,
—1V, _ 13 e+,r_\/__z__ﬂ_cz+__£e€:f._,
,‘/

then,z =% %"z 3006__2 5o == z:
R o ¢
. 300
17 1
. ‘/ 13 o 1\/ 3 e 500 ¢
o, r=t3 =2+ 7V —=2— = i
300 > ‘/z—-li-c"
300
v \/ 3 2L g3
. 0l o= 1 A3 e 1 23 500
m/abc=L ey v Lo g Z— 50+ —
—
300
>
v, _ 13 \/ 13 5058
1 9......_7_ e 9 2 1, e e 3. 2 500~
or,"Wab’=>ct3" % 75t 3 B 1ol T
k4 —
300
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This, involved to the 11th power, will yield an equation,
which shall have no other surds than quadratic and cubic; and,
since these may be removed, whatever be their number, it is
evident, that an equation may be at length deduced free from
all surds: But the accomplishment of this would require so
great labour, that it may at present suffice, to have shewn the
possibility, and peinted out the method, of removing all surds
from an equation consisting of g surds of the 11th power.

Far greater would be the labour to exterminate g surds of
the 13th power.

Surds of the 12th power, it must already have sufficiently
appeared, may be taken away in any number, according to the
principles of extermination of cubic and quadratic surds.

It is also sufficiently manifest, that, if an equation, consisting
of g surds of a certain power (v. g. the 7th), may be cleared
of surds, an equation containing 2 such surds; together with
any number of other surds whose extermination is unlimited,
may be also cleared of surds; and that surds, whose extermi-
nation, as to their number, is unlimited, may be exterminated
from any equation containing them, however diverse they be
from each other.

Thus, has been pointed out, the extermination from equa-
tions, of surds whose indices do not exceed the number 6, or
of any combinations of such surds, in any number; of three
surds, whose common index is either of the prime numbers be-
tween 6 and 12, or whose indices are either of these multiplied
by any numbers, or powers of any numbers under 6, provided
the equation contain no other quantity; also, of two surds,
whose common index is, or, whose indices are, as last described,
with an indefinite number of surds of the former description.
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It only remains, however, for the complete establishment
of the last observation, to note, that any surds, contained in
the denominator of any fractional quantity of an equation,
which cannot be transferred to the numerator, by mu]tipiying
both terms by a residual, as some have recommended to be
done, may, by multiplying the whole equation by that deno-
minatcr, be transferred to the other quantities, or numerators,
of the equation. :

That observation will then hold of the surds therein named
however they be situated in the equation; whether they be
in the numerators, or in the denominators of fractions.

~ P.S. Dr. WaRrING’s method of taking away surds* is very
ingenious. It is however evidently limited by the same pos-
tulate, which restricts the application of my general method ;
viz. to solve an equation of the dimension next lower than the
index of the surd, being prime; for this must be effected in
order to obtain the imaginary values of the surd as required
by his method; and this, and sometimes less than this, is suf-
ficient in mine.

e. g. To obtain the imaginary roots of the sth power of
unity, the biquadratic equation @* 4 a* 4 a* + a4 1 =0

1—4/5 * V—lo+zvg.and
4

, coefficients troublesome enough, espe-

must be solved. These roots are —
—~ 145k V10—245

. 4
cially from their variety, as WaRrING himself has observed.

* V. Mcditat, Algebr. Ed. 3. p. 152, Prob. 26. .
MDCCCXIV. G
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The imaginary values of higher surds of prime indices,
when found, would be still more complicated: and it is not
very easy to find, for example, the imaginary values of a surd
of the 11th power.*

* The imaginary roots of the 7th power of unity are,

11 ’\/ —214/—3 1 3\/ 21y —
‘(1’2;)_'E'+_6' 7_._..;.._._._ +z 1_2_‘{_.3_
212 \/7’“‘/‘ /7 ““’ (=3

=
‘__’\/637+147«/—3_q \/637—147«/—3
' 2
) 1 I+V—33J—7+21V—3 l"'«/---3 —7—zu/—-3
(343) — 5+ —; z

_ — — R =
—214144/—3 .7__2.1.‘{.._.?1_'_ I*V—33\/ 7+2M/—3

4 1—¢—33J 637+1471/——3 + 1+\/-—3 J637—147v 3

L1
-6

AL 1_—\/—3 J—-7+2n/ 3 l+v —3* [ —7—21y—3
6

2

—21 41—y —3 J?—ZIV—S +1¥v=3 J7+21V—3
¥ l+v-33J 63741477 —3 pl=Y=3e J 637—147v/ — 3
2 2 2 2

as may be found by solving the equation x6-f x5 + x4+ 234 2% X1 2= 0 —,

Here, in justice to Dr. War1n6, I must observe, that the application of his method
to the extermination of the higher surds of prime indices, may, in all cases, be brought
within the condition ef solving an equation, whose dimension is half the index of the
surd diminished by unmity. For any equation, of an even dimension, which has the
coeflicients, at equal distances from the middle, equal, the signs being either alike, or,
as they recede from the middle, alternately opposite and alike, may in effect be reduced
to half its original dimension. In that case, half of the roots of the equation are the
reciprocals, or the negatives of the reciprocals, of the other half. An equation, whose
roots shall be the respective sums of these pairs, will be of half the dimension of the
proposed equation. Thus, if

(5,6

L
- 6
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The preceding biquadratic equation is the difference of two
squares a* 4 a* - —Z— a4 a-1,and —i— a*: consequently, its
quadratic factors will be the sum and difference of the roots

of these squares, viz. @ igév's a-41==o0, and @ +%¢5. a4

2% 4 ax® - bxd -t cx?F dxS 4 masfdattcxP+bx farf1—=o;
by the combination of corresponding terms, which has, in the preceding sheets, beeu
repeatedly exemplified, and by division of the roots by x, may be obtained,
— 2+ d. +m

c.
x+-—-+a x+-—+b.z“|"—-‘— $4a1+—-— +3bx+‘$20=0.
x x F5 x r 45 z 422

If this equation could be solved, the root being called #, the solution of the qua-
dratic, 2* ~= nx &= 1 — 0, would give the root of the proposed equation, which, when

e e 1’ L 1) 1
svery coefficient is unity, yields, » - = 4+ x4 = 4.2 4 - 3.2+ -
R
+ 3.5+ = + 1 =0 ;

If this equatlon could be solved, then would Dr. Warixa’s method serve for the
universal extermination, of surds of the 11th power.

I may also observe, that my method universally holds for exterminating quadrato-
cubic surds, without the solution of any higher equation than a quadratic, as may
appear from a former example, though the observation was not before made ; and, in
like manner, that it universally holds for exterminating surds of the 7th power, with-
in the condition of solving a cubic equation. For the resulting equation of six dimen.
sions may be reduced to one of three, independently on the simplicity or composition

of the third quantity of a given combination of surds. Thus, if "Va47vb4-7v/c =0,

14/ash 4 374/ asb* + 57TV atbs + 5TV a4 37V a5+ Ty ab® = :—ai;b—- then after

multiplying by b3, may be obtained this cubic equation, 7y/a*** + b7yal® 4 2b*

a—;l_):g . U5. Here, whatever

T/ 4 by/ab’ 4 b Ty art 4 VTal® =
may be the value of ¢, a and b may be freed from the radical sign of the 7th power,
by the solution, first of a cubic, then of a quadratic, equation, and afterwards invo-

lution.
So that both War1n 6’ method and mine universally hold, until we arrive at surds

of the 11th power; and according to mine, three such may be exterminated.

Gs
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1==0. These quadratic equations being solved, will give the
four roots of the biquadratic, as above.

So may be solved any biquadratic equation, the coefficient
of whose 4th term is equal to the product of the coefficient of
the ed by the square root of the last, the coeflicient of the 1st
term being unity: and, by the intervention of a cubic equation,
any biquadratic may be so transformed.



